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Neutrino masses and lepton flavor violation in thick brane scenarios

Gabriela Barenboim,* G. C. Branco,† André de Gouveˆa,‡ and M. N. Rebelo§
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We address the issue of lepton flavor violation and neutrino masses in the ‘‘fat-brane’’ paradigm, where
flavor changing processes are suppressed by localizing different fermion field wave functions at different
positions~in the extra dimensions! in a thick brane. We study the consequences of suppressing lepton number
violating charged lepton decays within this scenario for lepton masses and mixing angles. In particular, we find
that charged lepton mass matrices are constrained to be quasidiagonal. We further consider whether the same
paradigm can be used to naturally explain small Dirac neutrino masses by considering the existence of three
right-handed neutrinosin the brane, and discuss the requirements to obtain phenomenologically viable neutrino
masses and mixing angles. Finally, we examine models where neutrinos obtain a small Majorana mass by
breaking lepton number in a far away brane and show that, if the fat-brane paradigm is the solution to the
absence of lepton number violating charged lepton decays, such models predict, in the absence of flavor
symmetries, that charged lepton flavor violation will be observed in the next round of rare muon or tau decay
experiments.

DOI: 10.1103/PhysRevD.64.073005 PACS number~s!: 14.60.Pq, 13.35.2r, 11.10.Kk
th

an
os
au
a
em

th
a
n
o
o
ts

no
f.
a

s
w

b-

-
-

nt
n-

ion
the

rio

lat-
rino
for

t it
ing
e
y in-
We
is
in
a

e

for
yet
to
for
ed
ino
g
e to
ely

also

ess
D
n-
ec.

al
tl.

al
pt
I. INTRODUCTION

A few years ago, a new paradigm for addressing
gauge hierarchy problem was proposed@1#. In the so-called
‘‘large extra dimensions scenario’’ @Arkani-Hamed–
Dimopoulos–Dvali~ADD! scenario# the explanation for the
large discrepancy between the weak scale and the Pl
scale is that the fundamental scale of gravity is actually cl
to the weak scale, and that gravity seems weak to us bec
it propagates in more, compact, dimensions, while stand
model fields are bound to four-dimensional subspaces
bedded into the higher dimensional world.

One of the challenges for the ADD scenario is solving
well known problems of proton stability, the absence of fl
vor changing neutral current processes, etc. The situatio
particularly problematic because one has to consider n
renormalizable operators which are only suppressed by p
ers of the ‘‘quantum gravity scale’’ and whose coefficien
are completely unknown since they parametrize our ig
rance concerning the physics above the ultraviolet cutof
is important to ask whether there are ‘‘low energy’’ mech
nisms guaranteeing that most of these dangerous term
appropriately suppressed, independently of the unkno
beyond-quantum-field-theory physics.

A novel solution to the higher-dimensional flavor pro
lems was proposed by Arkani-Hamed and Schmaltz@2# ~AS!.
They argue that if we live in a ‘‘fat’’ four-dimensional space
time ~fat brane!, it is possible to effectively suppress un
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wanted higher dimensional operators by localizing differe
fermion fields to different coordinates in the extra dime
sions. As was also pointed out in@2#, and further explored in
@3,4#, this solution also provides an interesting explanat
for the hierarchy of the quark masses and the values of
Cabibbo-Kobayashi-Maskawa~CKM! mixing angles and
CP-violating phase. It should be noted that the AS scena
leads to startling consequences@5#, which may be observed
at next-generation collider experiments.

In this paper, we address the issue of lepton flavor vio
ing phenomena in charged lepton decays and neut
masses in the AS scenario. The AS scenario is natural
solving flavor changing problems, and indeed we find tha
can very efficiently suppress charged lepton flavor violat
decays such asm,t→ lg,l l l . One of the issues we explor
here is whether suppressing such processes imposes an
teresting constraint on lepton masses and mixing angles.
find, for example, that the charged lepton mass matrix
forced to be quasi-diagonal, and that almost all the mixing
the lepton sectormustcome from the neutral sector. Such
situation is certainly not observed in the quark sector~for an
example, see@4#!, and seems to already constrain som
extra-dimensional neutrino mass scenarios.

The AS scenario also provides a natural mechanism
obtaining small Dirac neutrino masses, which has not
been explored in the literature. It is important, therefore,
study whether similar success is obtained in explaining,
example, the large leptonic mixing angle which is requir
by neutrino oscillation solutions to the atmospheric neutr
puzzle@6#. We will show that in order to obtain large mixin
angles, separations between different leptonic fields hav
be closely related. The situation appears to be rather fin
tuned when the flavor constraints mentioned above are
imposed.

The paper is organized as follows. In Sec. II, we addr
the problem of flavor changing neutral currents in the AD
paradigm and how it is solved in the AS scenario. We co
centrate on flavor violating charged lepton decays. In S

;
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III, we address the issue of lepton masses and mixing an
in a straightforward extension of the AS scenario, nam
adding right-handed neutrinos to the fat brane. We first d
cuss how ‘‘naturally’’ the AS scenario can explain the lar
hierarchies observed in the quark and fermion sectors,
what is required in order to obtain large mixing angles. W
then analyze two-family models in great detail, concentrat
on the constraints that must be met in order to obtain la
mixing angles. Finally, we discuss solutions to the neutr
puzzles in the case of three generations. In Sec. IV, we
cuss a mechanism for obtaining small neutrino masses w
out right-handed neutrinos. Here, constraints from
charged lepton sector severely restrict solutions to the n
trino puzzles. Our conclusions are presented in Sec. V.

II. LEPTON FLAVOR VIOLATION AND LARGE EXTRA
DIMENSIONS

It is a general principle of effective field theories that
operators consistent with the exact symmetries of nature
present, including nonrenormalizable, ‘‘irrelevant’’ operato
These operators are understood as being suppressed b
large energy scale above which the effective field theory
no longer applicable. These include, for examp
(1/L2)QQQL,1 which mediates proton decay an
(1/L)LHLH, which breaks lepton number and gives t
neutrinos a Majorana mass after electroweak symm
breaking. It is also well known thatL is constrained to be a
least of the order of the grand unification scale (MGUT
.1016 GeV! by the fact that the proton lifetime is larger tha
;331033 yr @7#. On the other hand, values ofL;109214

GeV are required in order to correctly account for the atm
spheric neutrino puzzle via neutrino oscillations.

In theories where the ‘‘quantum gravity’’ scale is small~a
few TeV!, one is faced with the challenge of explaining wh
even thoughL;1 TeV, phenomena which violate the co
servation of ‘‘accidental’’ global symmetries have not be
copiously observed. The two irrelevant operators mentio
above can be eliminated by assuming, for example,
~gauged! B-L is a true symmetry of nature~probably weakly
broken, if one wants to explain the matter-antimatter asy
metry of the universe!, but other dangerous operators st
remain. These include operators that violate individual fla
number conservation and mediate phenomena such
meson-antimeson mixing and flavor changing neutral c
rents.

One intriguing solution to these problems was propo
by Arkani-Hamed and Schmaltz@2#. They postulate that the
standard model fields are constrained to a ‘‘fat brane,’’ wh
is infinite in three space directions and occupies a finite v
ume in n extra, orthogonal, compact dimensions. It is a
postulated that gauge fields and the Higgs scalar can fr
propagate in the entire volume of the fat brane, but fermi

1We use the standard notation whereQ andL refer, respectively,
to quark and leptonSU(2) doublets, whileU, D, and E denote,
respectively, up-type antiquark, down-type antiquark, and anti
ton SU(2) singlets.H is theSU(2) Higgs boson doublet.
07300
es
y,
-

nd
e
g
e

o
s-
h-
e
u-

re
.
the

is
,

ry

-

d
at

-

r
as
r-

d

h
l-

ly
s

are confined to specific ‘‘points.’’ Finally, if one assumes th
different fermion fields are located atdifferentpoints in the
extra dimensions, it is easy to see that some operators
‘‘forbidden’’ by locality, e.g., an operator such a
(1/L2)QQQL can be very efficiently suppressed simply b
causeQ’s andL ’s live in different worlds, and do not ‘‘see’
one another@2#. One can also use this approach to addr
other issues, such as lepton flavor violation.

In this section we discuss, within the scenario describ
above~AS scenario!, what requirements are imposed on t
distances between different leptonic fields in order to acco
for the ~negative! experimental searches for charged lept
decays which violate lepton flavor number. Here we w
concentrate on the lepton flavor violating muon decays

m→eg, m→eee, ~2.1!

and tau decays2

t→mg, t→eg, t→mmm, t→eee. ~2.2!

The processl k→ l lg (k,l 5t,m,e) is mediated by the ef-
fective Lagrangian

2L l k→ l lg5
aRv

L2
~ l̄ L

ksmnl R
l Fmn!1

aLv

L2
~ l̄ R

k smnl L
l Fmn!1H.c.,

~2.3!

after electroweak symmetry breaking. Here the subscriptL,R
refers to the chirality,Fmn is the electromagnetic field
strength,v is the Higgs vacuum expectation value, andaR,L
are dimensionless couplings.

The processl k→ l l l l l l is mediated by the effective La
grangian~after Fiertz rearrangements!

2L l k→ l l l l l l52L l k→ l lg1
1

L2
@b1~ l̄ R

k l L
l !~ l̄ R

l l L
l !1b2~ l̄ L

k l R
l !

3~ l̄ L
l l R

l !1b3~ l̄ R
k gml R

l !~ l̄ R
l gml R

l !1b4~ l̄ L
kgml L

l !

3~ l̄ L
kgml L

l !1b5~ l̄ R
k gml R

l !~ l̄ L
l gml L

l !

1b6~ l̄ L
kgml L

l !~ l̄ R
l gml R

l !1H.c.#, ~2.4!

whereb’s are dimensionless couplings. Equation~2.3! medi-
atesl k→ l l l l l l by attaching anl l l̄ l pair to the photon leg.

In the AS scenario, one can relate the constantsa,b to the
distance between different leptonic fields and to higher
mensional couplings by integrating out the extra dimensio
One obtains, for example,

-

2We do not include the decayst→mee, emm in our discussion.
The reason for this is that the constraints imposed by these chan
are far weaker than those imposed bym→eg, eee, as will become
clear shortly.
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FIG. 1. Branching ratio form
→X ~right! and t→X, ~left! nor-
malized by the branching ratio fo

m→enn̄ and t→ lnn̄, respec-
tively, as a function ofDL, for
two values of the quantum-gravity
scale, L510 GeV ~top! and 1
GeV ~bottom!. See text for details.
The horizontal lines indicate the
current experimental constraint
from searches for rare muon an
tau decays@9#. In the case of tau
decays, only the most and lea
stringent bounds are shown.
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aR}aRE dye2m2(y2 l k)2
e2m2(y2el )

2
}aRe2(1/2)m2( l k2el )

2

~2.5!

and

b4}b4E dye2m2(y2 l k)2
~e2m2(y2 l l )

2
!3}b4e2(3/4)m2( l k2 l l )

2
,

~2.6!

assuming one extra dimension and defining the high
dimensional wave function of the fermions to be Gaussi
of width m21/A2 centred at positionl k,l andek,l for l L

k,l and
l R
k,l , respectively. The couplingsa,b are dimensionless num

bers, which are assumed to be of order one, since therea
priori no reason for them to be either very small or ve
large. All a and b will be, henceforth, set to unity unles
otherwise noted.

From Eqs.~2.3!,~2.4! and assuming the AS scenario, it
easy to compute the branching ratios for the various lep
decays~see, for example,@8#! as a function ofL ~the ‘‘quan-
tum gravity’’ scale! and the distance between different lept
fields.

Figure 1 depicts the branching ratio form→eg ~right! and
t→ lg, l 5e,m ~left! normalized by the branching ratio fo
m→enn̄ andt→ lnn̄ respectively, as a function ofDL. Two
different values of the cutoff,L510 TeV and 1 TeV, are
07300
r-
s

,

n

shown ~top and bottom, respectively!. Here, DL is either
u l m2eeu or uem2 l eu for the muon decay andu l t2el u or uet
2 l l u for the tau decay, in units ofm21.

Figure 1 also depicts the branching ratio form→eee
~right! andt→ l l l , l 5e,m ~left! normalized by the branching
ratio for m→enn̄ andt→ lnn̄, respectively, as a function o
DL. Here, only nonzerob3 andb4 coefficients were consid
ered. The reason for this is simple: given the requireme
imposed by the non-observation ofm→eg and t→ lg, the
contribution of aR,L ,b1,2,5,6 are strongly suppressed, whil
b3,4 are,a priori, unconstrained. Therefore, in this case,DL
is either u l m2 l eu or uem2eeu for the muon decay andu l t
2 l l u or uet2el u for the tau decay, in units ofm21.

Some comments are in order. First of all, it must be s
that the AS scenario, as expected, is very efficient whe
comes to suppressing rare lepton decays. Even forL51
TeV, the most stringent requirement~from m→eg) is that
u l m2eeu,u l e2emu*6.5m21 ~proton decay constraints requir
distances between quarks and lepton of order 10m21 @2#!.
Second, one may wonder how strict the constraints are si
after all, there are order one coefficients floating about. I
easy to see that things do not change significantly if th
coefficients are allowed to vary. For example, varyingaR
from 0.3 to 3, the lower bound onu l t2emu from t→mg and
L510 TeV changes by 17%. A remaining question is wh
do these bounds imply for lepton masses and mixing ang
This will be addressed in the next sections.
5-3
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Before proceeding, however, it is worthwhile mentioni
at this point that other lepton flavor violating decays, such
K→me, hadronic tau decays andm2e conversion in nuclei3

have not been considered, since they can be safely
pressed by assuming that quarks and leptons are well s
rated~which is generically required in order to suppress p
ton decay!, and that the distance constraints obtained in th
cases do not play a significant role when it comes to addr
ing lepton masses and mixing angles.

III. RIGHT-HANDED NEUTRINOS IN THE BRANE

Another intriguing possibility is using the AS scenario
explain the current hierarchy of fermion masses and mix
angles@2#. Indeed, it has been shown that localizing differe
quark fields to different points in the extra dimensions is
efficient and ‘‘natural’’ way of explaining not only all quar
masses and mixing angles@3#, but also the observedCP
violation in the quark sector@4#.

In this section, we study whether the same idea can
used to explain lepton masses. Charged lepton masses
already discussed in the context of massless neutrinos@3#,
but no similar study has been performed for neutrino mas

The idea is quite simple. We assume the existence of th
standard model singlet fermions, which we refer to as rig
handed neutrinos (N), and assume that these are also loc
ized at different points in the extra dimensions. Furthermo
we also impose lepton number as a conserved symmetr
order to forbid Majorana masses for both the right-hand
neutrinos and the active neutrinos~via a dimension-five op-
erator, as discussed in the previous section!. We will deal
with Majorana masses in the next section. If this is the ca
neutrinos acquire ordinary Dirac masses after electrow
symmetry breaking, exactly like the quarks and charged
tons. In the AS scenario, the explanation for the smallnes
the neutrino masses is straightforward: neutrino masses
tiny becauseN’s and L ’s are separated by distances whi
are only slightly larger~as will become clear later! than, for
example, theQ’s andD ’s.4 It will turn out, as we will discuss
in detail later, that the most serious challenge for the
scenario with right-handed neutrinos in the brane will be
naturally account for the large mixing angles in the lept
sector which are required in order to solve the neutr
puzzles@6#.

Before proceeding, it is worthwhile to digress a little o
the philosophy behind the AS scenario when it comes
explaining fermion masses and mixing angles. Perhaps

3The Lagrangian Eq.~2.4! mediatesm-e conversion in nuclei at
higher order in QED~in the case of the magnetic moment ope
tors! and at higher loop level and higher order in QED in the case
the four-fermion operators. The constraints imposed on the op
tors are not as strict as the ones from lepton flavor violating char
lepton decays.

4Another possibility for obtaining naturally small Dirac neutrin
masses is to assume that the neutrinos couple to right-handed
trinos which live in the bulk@10#. Lately, this possibility has re-
ceived lots of attention@11#, and will not be discussed in this pape
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most attractive, and certainly the novel idea behind the
scenario is the possibility of solving the flavor problem wit
out postulating new, horizontal symmetries. Instead, it
simply assumed that the fermions are separated by dista
of a few ~in units of the width of the fermionic higher di
mensional wave functionm21), which could be chosen a
random. All the work is done by the Gaussian suppression
the effective four dimensional Yukawa coupling~as dis-
cussed in the previous section; see also@2,3#!

l}e2(1/2)m2( f i2 f j )
2
, ~3.1!

where f i are the positions (f 5q,u,d,l ,e,n and i is a family
index! of the different fermion fields (Q,U,D,L,E,N).

In order to further quantify the ‘‘naturalness’’ concept, l
us assume that, say, aQ and aU fields are localized in one
extra dimension, of sizeL[20m21 ~see@3# for a discussion
on the expected size ofLm). If the positions are chosen
completely at random5 it is easy to show that the probabilit
of finding uq2uum between some valued and d1dd is
given byP(d)dd, where

P~d!50.12.005d. ~3.2!

It is straightforward to compute the probability that the su
pression due to the small overlap between the two extra
mensional wave functions is of a given order of magnitu
Figure 2 depicts the probability that the suppression facto
in some order of magnitude bin. It should be noted that wh
the figure only depicts suppression factors larger than 10230,
the probability that the suppression factor is smaller th
10240 is almost 10%.

-
f
a-
d

eu-

5It has recently been discussed in@12# that the relative distance
between different fermion fields may be significantly altered
gauge interactions. We will disregard this effect for the sake
simplicity.

FIG. 2. The probability for obtaining a suppression of the high
dimensional Yukawa coupling of a given order of magnitude. S
text for details.
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NEUTRINO MASSES AND LEPTON FLAVOR VIOLATION . . . PHYSICAL REVIEW D64 073005
As expected, very tiny suppression factors can be
tained, even if all fields are constrained to lie relatively clo
to one another. An important fact is that, while rando
choices for the positions~in one extra dimension! seem to
favor effective Yukawa couplings which are suppressed
an order of magnitude with respect to their higher dime
sional counterparts, the probability of obtaining a lar
spread of suppression factors is quite large. It is this prop
which renders the AS solution to the fermion mass hierar
attractive — random choices for the distances seem to
vide a large spread for values of the Yukawa couplings,
therefore the observed hierarchies are naturally explaine

One can further pursue this logic and see what are
consequences for the mixing angles. We use a toy mode
only two families of up-type quarks as an example, bu
will become clear in due time that it is easily generalized
include three families and down-type quarks.

The mass matrix can be written as

MU5rS a b

c dD , ~3.3!

wherer is roughly the top quark mass anda,b,c,d<1 are
the suppression factors. The message from Fig. 2 is t
‘‘normally’’ one expectsa@b@c@d ~for example!. If this is
the case, one can trivially show that the matrix that dia
nalizesMUMU

† is parametrized by one mixing angle,u, such
that cos 2u5617O(c2/a2,cbd/a3), i.e., u is either close to
0 or p/2, such that the mixing is quite suppressed.

While this situation fits very nicely the quark masses a
mixing angles, it poses serious problems for leptons, gi
that, according to the neutrino oscillation solution to the n
trino puzzles, at least one of the leptonic mixing angles
‘‘large.’’ This is in sharp contrast to standard four dime
sional approaches to the fermion mass puzzles. There, q
masses require a significant amount of underlying struc
in order for one to understand the hierarchy of masses
the small mixing angles, while it has been argued that n
trino masses can be obtained from operators with rand
order one couplings@13#. The same is true in the case of th
‘‘simplest’’ neutrino mass model@14#, where neutrino masse
are obtained via the introduction of one single right-hand
neutrino and the use of 1/MPlanck operators.

In order to obtain large mixing angles, it is imperative th
some elements of the mass matrices are of the same o
Using Eq. ~3.3! as an example, it is again simple to sho
that, if one wantsu.p/4, a.c ~for example! is required.

The challenge is, therefore, to obtain a mechanism sa
fying this condition. Flavor symmetries, for example, wou
certainly do the job, but they would spoil the most attract
feature of the AS scenario. A different option, which st
maintains the extra-dimensional nature of the AS scenario
to assume that, as a consequence of the underlying local
mechanism, some fields are positioned on top of each o
and that some distances are, therefore, ‘‘naturally’’ very si
lar.

With this in mind, we proceed to discuss how realis
lepton masses and mixing angles can be obtained in the
scenario. We first discuss the simpler two family case,
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further address the issue of how ‘‘finely tuned’’ certain p
rameters have to be in order to obtain large mixing. Later,
discuss solutions for the more involved case of three fa
lies.

A. Two neutrino families

In this subsection we address in detail the case of only
two ‘‘heavy’’ lepton families, concentrating on the observe
large mixing which seems to be required in them-t sector
according to neutrino oscillation solutions to the atmosphe
neutrino puzzle. It proves convenient to consider separa
the different configurations which potentially yield maxim
mixing in order to understand what constraints over
space of locations have to be met in order to obtain
appropriate mass-squared difference and mixing angle. Th
configurations are depicted in Fig. 3. It can be checked
these are the only non-equivalent configurations. For that
should take into consideration that the interchange ofnm and
nt is a weak basis transformation acting on right-hand
fields and therefore without any physical implications.

Two important comments concerning our discussion
in order. First, we assume that the order one coefficie
which accompany the exponential suppressions~the higher
dimensional Yukawa couplings! play no significant role, and
set all of them to unity. We comment on the relevancy of t
approximation later. Second, we impose that there is no
nificant mixing coming from the charged lepton sector.
turns out that, specially when considering only them2t sec-
tor, the non-observation oft→mg combined with the re-
quirement that the obtainedt mass agrees with the exper
mental value automatically forces the mixing in the charg
lepton sector to be small. Note that the constraint of sm
mixing in the charged lepton sector will be considereda

FIG. 3. Different two family configurations which potentiall
lead to maximal mixing.
5-5



th

e

t

,
uo

ec

t,

t

nt
ge

n

a-

x

ic

ig

ed
rino

n

-

as

-
n

-
-

o

are
-
uch

ate
f

r-

rino
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posteriori, and its consequences analyzed for each of
different configurations.

By imposing thet→mg constraint as discussed in th
previous section, one obtainsu l m2etu,u l t2emu.3.73m21

(4.09m21) for L510 TeV~5 TeV!, which in turn means tha
the off-diagonal elements of the~two generations! Dirac
mass matrix for the charged leptons are less than~approxi-
mately! re20.5(4)2588 MeV for r51.53mt , where mt
[166 GeV is the top quark mass~for details concerning the
choice ofr, see@3#!. This, in turn, implies that one of the
diagonal elements isnecessarilyof the order of the tau mass
while the other elements are at most of the order of the m
mass. In summary,

ml.mtS h~11bch! bh

ch 12
h2

2
~b21c2!D , ~3.4!

where b,c are numbers which are at most order one,h
[mm /mt , andmm,t are the muon and tau masses, resp
tively. Note that Eq.~3.4! is written in such a way that its
eigenvalues aremm and mt up to O(h2). In this case, it is
easy to estimate the mixing angle, namely,

sin2 u.b2
mm

2

mt
2

&1023, ~3.5!

which is quite small.
A fact that will prove very important in the future is tha

even though there is no direct significant limit onu l m2 l tu
from t→mmm decays~see Fig. 1!, it is geometrically con-
strained becauseu l t2etu,u l m2etu. It is easy to show tha
u l m2 l tu.u l m2etu2u l t2etu.(4.023.14)m21,6 independent
of the number of extra dimensions. Therefore, as a guara
that there are no large flavor changing effects in the char
lepton sector, a good rule of thumb is to keepu l m2 l tu
*1m21, in which case the mixing in the charged lepto
sector is necessarily small.

Case A.Figure 3~a! leads to the neutrino Dirac mass m
trix

mn5rS e2(m2/2)(l 1d)2
e2(m2/2)(l 1d1e)2

e2(m2/2)(l 1e)2
e2(m2/2)l 2 D , ~3.6!

where l[ l 2 and d[ l 12 l 2. We restrict ourselves tod.0,
without loss of generality. As mentioned before, we will fi
r51.53166 GeV.

It should be noted that the interchange ofnm with nt ~see
Fig. 3! corresponds to a weak basis transformation wh
interchanges the two columns ofmn but leavesmnmn

† un-
changed. Note also that the configuration depicted in F

6Note thatmt51777 MeV corresponds to a distance of 3.14m21,
andmm5105.7 MeV to a distance of 3.94m21.
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3~a! leads automatically to very small mixing in the charg
lepton sector, once the appropriate sizes for the neut
masses are imposed.

Diagonalizingmnmn
† starting from Eq.~3.6! one obtains

the mixing angleu, which, to a very good approximatio
~assumingd,e! l ), is given by

tan 2u.
2N1~11N2!

~D121!~D211!
, ~3.7!

where

N15expF2
m2

2
~2ld12l e1d21e2!G , ~3.8!

N25exp@2m2de#, ~3.9!

D15exp@2m2~2ld1d2!#, ~3.10!

D25exp@2m2~2l e1e2!#. ~3.11!

The mass squared difference is

Dm252r2e2m2l 2N1~11N2!A11
1

tan2 2u
. ~3.12!

Imposing large mixing,7 one can safely write

Dm2.2r2e2m2l 2N1~11N2!. ~3.13!

Note that in this approximationDm2 is equal to the numera
tor of tan 2u times r2e2m2l 2. This important observation is
valid in all cases we will discuss henceforth, as long
tan22u@1 ~which is the condition we would like to meet!.

We start by obtaining bounds forl. Since the largest ele
ment ofmn is the~22! element, imposing an upper bound o
the heaviest neutrino mass ofm2&10 eV2 leads to l
.7.08m21. On the other hand, from Eq.~3.13! and noting
that N1 ,N2<1, one obtains a rough upper bound forl by
requiringDm2.1023 eV2: l &7.8m21. This can also be de
rived directly from Eq.~3.6! by noting that the largest neu
trino mass matrix element should be~roughly! larger than the
lower bound onADm2 imposed by the atmospheric neutrin
data. It is important to comment that for values ofm l close to
the upper bound mentioned above, the neutrino masses
hierarchical, while form l much smaller than 7.7, the eigen
values of the neutrino mass matrix are degenerate and m
larger thanADm2.

Next, we determine what values ofe andd, for fixed l, are
required in order to obtain large mixing and the appropri
Dm2 range. For fixedl, Dm2 fixes the order of magnitude o
2N1(11N2) @see Eq.~3.13!#, which is the numerator of
tan 2u @see Eq.~3.7!#. Large mixing requirements then dete
mine the order of magnitude of (D121) @note thatD211 is

7For concreteness we consider large mixing to beutan 2uu>2.3,
which agrees with the 99% C.L. contours obtained by the neut
oscillation analysis of the SuperKamiokande atmospheric data@15#.
5-6
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O(1)], which allows one to compute an upper bound ford.
Once this is done, one revisits the previous expressions
computese. Table I contains values ofme and (d/ l )max as a
function of m l .

In order to examine how ‘‘finely-tuned’’ this scenario i
we look at the maximum value for the ratiod/ l , which is
how much the distanceu l m2nmu is allowed to deviate from
u l t2ntu, normalized by the smallest distance. One can
that (d/ l )max&1023 over all possible values ofl ,e, for small
e. It is curious that the fine-tuning gets more severe ae
increases. This can be understood easily by the follow
line of reasoning:Dm2 essentially constrainse due to the
fact that, it turns out,e@d; for small values ofl, a large
suppression is required in order to obtain the correct va
for Dm2, which must come from roughlye2m2l e. Hence big-
ger values ofe are required. However, larger values ofe
suppress the numerator of Eq.~3.7!, requiring a larger sup-
pression in the denominator, which is mostly a function ol
andd, and the largest allowed value ford decreases.

Case B.Figure 3~b! leads to the Dirac mass matrix

mn5rS e2(m2/2)(2l 1d1a)2
e2(m2/2)l 2

e2(m2/2)a2
e2(m2/2)(l 1d)2D , ~3.14!

where l 21[ l and l 22[ l 1d. We first assumed.0. This
leads, to a very good approximation~for d! l ), to

tan 2u.
2 expF2

m2

2
~2l 212ld1d2!G

exp@2m2l 2#2exp@2m2a2#2exp@2m2~ l 1d!2#
,

~3.15!

and, remembering that we will require tan22u to be large,

Dm2.2r2 expF2
m2

2
~2l 212ld1d2!G . ~3.16!

It is clear that the same approximate bounds onl, which
applied in case A, also apply here, and again we ana
what constraints are imposed on the other parameters
fixed values ofl within the allowed range. It should also b

TABLE I. Case A.The allowed range ofme and the maximum
allowed value ford/ l , for different values ofm l , which satisfy
131023 eV2,Dm2,831023 eV2 and utan 2uu.2.3 @15#.

m l me (d/ l )max

7.1 1.1 – 1.3 1026

7.2 0.9 – 1.2 1025

7.3 0.7 – 1.0 1024

7.4 0.5 – 0.8 1024

7.5 0.3 – 0.6 1023

7.6 0.1 – 0.4 1023

7.7 0.0 – 0.2 1023
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noted that, similarly to case A, the charged lepton mass
trix is safely diagonal, given that, it turns out,l 21,l 22
*7m21.

For fixed l, the Dm2 constraint fixes the range ofd and
the numerator of tan 2u @Eq. ~3.15!#. The smallness of this
term will determine how much the terms in the denomina
of tan 2u are required to cancel in order to obtain large m
ing. The only free parameter which remains isa. Table II
illustrates the severe fine-tuning between the value ofl anda
which is required in order to obtain large mixing. Only forl
close to its upper bound isd small enough to allow for a nea
perfect cancellation between the termse2m2l 2 ande2m2( l 1d)2

in Eq. ~3.15!, in which casea plays no significant role, pro-
vided that e2m2a2

is small enough~which is satisfied for
ma*7.8). In this case, therefore, there is no need to tune
values of a and l 22 ~this happens form l 57.7 and md
&0.05). This does not mean, however, that there is no fi
tuning, since one is required to tune the values ofl 21 and l 22
@for m l 57.7, (d/ l )max&1023].

Next, we examine the casel 21. l 22, i.e. d,0. In this
case, the dominant term in the denominator of Eq.~3.15! is
e2m2( l 2udu)2

, which cannot be canceled by appropriate
choosinga. The only way to obtain large mixing is, there
fore, to chooseudu! l and a large. Numerically, we obtain
that mudu cannot be larger than 0.05. The bounds on b
Dm2 and tan 2u can only be simultaneously satisfied fo
m l 2257.6, 0.04&mudu&0.05 andm l 2257.7 and 0&mudu
&0.05, whilema*7.8. In this case, the fine-tuning occu
betweenl 21 andl 22, which have to be equal to one another
more than one part in 102.

Case C.Figure 3~c! leads to the Dirac mass matrix

mn5rS e2(m2/2)(l 1d1e)2
e2(m2/2)l 2

e2(m2/2)(l 1d)2
e2(m2/2)(l 1e)2D , ~3.17!

which yields the approximate relations (e,d! l )

tan 2u.
2N18@11N28#

~12D18!~12D28!
, ~3.18!

and

TABLE II. Case B.The allowed range ofmd and the maximum
allowed value forua2 l u/ l , for different values ofm l , which satisfy
131023 eV2,Dm2,831023 eV2 and utan 2uu.2.3 @15#.

m l md (ua2 l u/ l )max

7.1 1.0 – 1.3 1026

7.2 0.8 – 1.1 1025

7.3 0.6 – 0.9 1025

7.4 0.4 – 0.7 1024

7.5 0.2 – 0.5 1023

7.6 0.05 – 0.3 1022

7.7 0.5 – 0.1 1022

0 – 0.05 unconstrained
5-7
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Dm2.2r2e2m2l 2N18@11N28#, ~3.19!

where

N185expF2
m2

2
~2l e1e2!G , ~3.20!

N285exp@2m2~2ld1d21de!#, ~3.21!

D185exp@2m2~2ld1d2!#, ~3.22!

D285exp@2m2~2l e1e2!#. ~3.23!

Note that the terms in the square bracket in Eqs.~3.18!,~3.19!
are, by definition, between 1 and 2 and play no signific
role in order of magnitude discussions. As in the two pre
ous cases,l is bound between roughly 7.1m21 and 7.8m21

~assuming the ‘‘atmospheric’’Dm2 and thatmn
2,10 eV2)

and again we discuss the required cancellation among
rameters for fixed values ofl. As before, the requirement tha
Dm2 satisfies the atmospheric neutrino data determines
order of magnitude of the numerator of tan 2u and, in this
case, also determines the value ofe. The requirement
utan 2uu.2.3 is met by choosing (12D18) very small, which
implies thatd has to be very small. Table III contains th
value ofm l , me, and (d/ l )max which are obtained when try
ing to fit large mixing in the 2-3 sector withDm2

;1023 eV2.
It is noteworthy that in the limite→0 there is no con-

straint ond. In this limit, the two lepton doublets are on to
of each other, and large mixing is guaranteed, regardles
the location of the singlet fields. This situation, however,
in sharp contradiction with the bound from the flavor chan
ing t→mg decay, as discussed earlier in this section. Inde
when we fit for the charged lepton masses imposing that
→mg is small, we find thatme*1, and large mixing with
the appropriate mass squared is only obtained form l &7.3
@and (d/ l )max&1025!].

Case D.Figure 3~d! leads to the Dirac mass matrix

mn5rS e2(m2/2)(l 1a1b)2
e2(m2/2)(l 1a)2

e2(m2/2)(l 1b)2
e2(m2/2)l 2 D , ~3.24!

TABLE III. Case C.The allowed range ofme and the maximum
allowed value ford/ l , for different values ofm l , which satisfy
131023 eV2,Dm2,831023 eV2 and utan 2uu.2.3 @15#.

m l me (d/ l )max

7.1 1.1 – 1.3 1026

7.2 0.9 – 1.2 1025

7.3 0.7 – 1.0 1024

7.4 0.5 – 0.8 1024

7.5 0.3 – 0.6 1023

7.6 0.1 – 0.4 1023

7.7 0.05 – 0.2 1021

0 – 0.05 unconstrained
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which leads to the relations

tan 2u5
2N19@11N29#

~D1921!~D2911!2~12e22m2ab!D19D29
,

~3.25!

and ~for tan22u large!

Dm2.2r2e2m2l 2N19@11N29#, ~3.26!

where

N195expF2
m2

2
~2la1a2!G , ~3.27!

N295exp@2m2~2lb1b21ab!#, ~3.28!

D195exp@2m2~2la1a2!#, ~3.29!

D295exp@2m2~2lb1b2!#. ~3.30!

As in the previous cases,m l is naively bound to lie between
;@7.1,7.8# simply by requiring the largest neutrino ma
squared to be less than 10 eV2 and Dm2.1023 eV2. It is
again useful to constrain the other parameters for fixed va
of m l . In order to obtain a correct value forDm2, each value
of l requires a specific range ofa @which determinesN19 , see
Eq. ~3.26!#. Oncea is fixed, we try to chooseb such that the
mixing is large. In this case, however, it is easy to see t
changingb for fixed a and l does very little to increase
tan 2u, as it mainly affects the value ofD29 , which plays a
diminished role when it comes to determining the order
magnitude of tan 2u @see Eq.~3.25!#.

The only possibility for obtaining large mixing is to
choosea such that (D1921) is very small, i.e., to choosea
very small. Note that this choice automatically renders
term in the denominator of Eq.~3.25! proportional to 1
2e2m2ab small.8 Small values ofa require l to be large
enough so that an appropriate value ofDm2 is obtained. As a
result, only valuesm l *7.6,ma&0.05 potentially yield phe-
nomenologically allowed values forDm2 and tan 2u.

As in case C, the charged lepton sector imposes~here very
severe! constraints over the allowed values for theu l m2 l tu
distance,a. As discussed in the beginning of this subsectio
ma*1 is required byt→mg constraints, which implies tha
there are no solutions with 1023 eV2,Dm2

,831023 eV2, (mn
2)max,10 eV2, andutan 2uu>2.3.

In summary, we have analyzed in detail the issue of
taining large mixing and 1023 eV2,Dm2,831023 eV2 in
the m2t sector. For all configurations we discussed, this
only achieved by carefully choosing the value of spec
distances. Quantitatively, we find that it is necessary that
value of twoa priori independent distances be equal to,
least, 1 part in 102 in order to obtain large mixing in the

8One may worry what happens ifb is very large. In this caseD29
is tiny, which efficiently suppresses this term.
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NEUTRINO MASSES AND LEPTON FLAVOR VIOLATION . . . PHYSICAL REVIEW D64 073005
atmospheric neutrino sector. Cases where maximum mix
is ‘‘naturally’’ obtained by placing fields ‘‘on top’’ of one
another~cases C and D!, were ruled out by flavor changin
neutral current constraints combined with obtaining the
served values for the corresponding charged lepton mas

We conclude with a comment on the order one hig
dimensional Yukawa couplings which we set to un
throughout. First, note that these coefficients can be rea
‘‘absorbed’’ by slightly modifying the distance between th
lepton fields. Explicitly,

ae2(m2/2)l 25e2(m2/2)(l 8)2
, ~3.31!

2 lna2~m l !252~m l 8!2, ~3.32!

l

l 8
5A11

2 lna

~m l 8!2
,

~3.33!

where l / l 8 is how much the distance has to be changed
order to ‘‘absorb’’ the coefficienta. For neutrino masses
(m l 8)2*50, such that, even ifa were as small as 0.1,u l / l 8
21u&0.05. Secondly, and most importantly, the presence
the order one coefficients will not affect our fine-tuning d
cussions — parameters just have to be slightly ‘‘redefine
For example, in case A, instead of having to ‘‘tune’’l 1 to l 2,
one would tunel 1 to l 2 plus a small, constant, coefficien
dependent on the ratio of the higher dimensional Yuka
couplings. The ‘‘amount’’ of fine-tuning remains the same

B. Three neutrino families

In this subsection, we discuss the case of three lep
families, concentrating on obtaining appropriate neutr
mass-squared differences and mixing angles for solving

FIG. 4. Four examples that yield neutrino masses and mix
angles which satisfy all neutrino data.
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atmospheric and solar neutrino puzzles, while satisfying
constraints from the CHOOZ and Palo Verde experime
@16#.9

Unlike the two-family case, in the case of three families
is not simple to perform a search for all configurations wh
potentially yield the appropriate values for the oscillati
parameters. Furthermore, after some configurations are i
tified, a general analytic discussion of ‘‘fine-tuning’’ amon
different parameters is not illuminating. For these reaso
we decided to approach the situation in a different way.

Initially, we numerically scanned the ‘‘location space’’ o
the left-handed lepton doublets and the right-handed neut
singlets, restricting ourselves to branes which are fat in o
one extra dimension. During the scan, we looked for so
tions which yield neutrino masses and mixing angles s
that all the neutrino experimental data could be accounted
by neutrino oscillations@6#. Details of the numerical scan ar
described in the Appendix, and some results are the follo
ing: ~i! As expected, obtaining reasonable values for the m
ing angles is quite hard, more so than the correct orde
magnitude for the mass-squared differences.~ii ! In all of the
acceptable configurations, them2t system falls into one of
the configurations~see Fig. 3! discussed in detail in the pre
vious subsection, with the same fine-tuning characterist
~iii ! Only configurations which yield hierarchical neutrin
masses were found.~iv! For a significant fraction of the
points (;50%) flavor changing effects in the charged lept
sector are absent, and the charged lepton mass matrix is
tually diagonal. In summary, it was possible to find seve
configurations which yield appropriate neutrino masses
mixing angles for explaining all neutrino data.

Four different configurations are depicted in Fig. 410

These are labeled PLMA, PSMA, PLOW and PVAC, allu
ing to the fact that they will fall into the large mixing angl
~LMA !, small mixing angle~SMA!, low probability, low
mass~LOW! and vacuum~VAC! solutions@6# to the solar

9In this paper, we will not try to accommodate the Liquid Scint
lation Neutrino Detector~LSND! data @17#, which are still to be
confirmed by another experiment, and will only consider three
tive neutrino species.

10For all four examples, the brane seems to be too fat. This
generic feature of almost all solutions we find, as discussed in
Appendix, and should be interpreted as a motivation for introduc
more than one ‘‘fat’’ extra dimension.

g

TABLE IV. Points which yield neutrino masses and mixin
angles such that all neutrino data can be accommodated. The
ferent points fall~PLMA, PSMA, PLOW, PVAC! in different solu-
tions to the solar neutrino puzzle, and are labeled accordingly.
the definition of the parametersl 1 ,l 2 ,l 3 ,x,y, see Fig. 5.

Configuration m l 1 m l 2 m l 3 mx my

PLMA 8.0 -7.7 7.9 -16.0 -15.6
PSMA 8.5 7.7 7.7 15.7 0.0
PLOW -8.4 7.7 7.7 -16.0 0.0
PVAC -8.8 -7.7 8.7 0.0 -16.4
5-9
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BARENBOIM, BRANCO, de GOUVEˆA, AND REBELO PHYSICAL REVIEW D64 073005
neutrino puzzle, respectively. Table IV contains the ex
distances, as defined in Fig. 5, for the four configuratio
Note that PLMA and PVAC have the second and third g
eration configuration depicted in Fig. 3~b!, while PSMA and
PLOW present that depicted in Fig. 3~a!.

In order to try to quantify if or how these solutions a
finely-tuned, we study the stability of the four configuratio
depicted in Fig. 4 by probing ‘‘around’’ them. Explicitly, we
fix the ‘‘smallest’’ parameter (l 2 in the case of PSMA and
PLOW andl 3 in the case of PSMA and PLOW! and vary the
other ones (l 1 ,x,y, and l 2 or l 3) from pi20.1 to pi10.1 in
steps of 0.02, wherepi is the original value of each of th
four parameters~for a total of 114 points!. See Fig. 5 for a
definition of the distance parameters. The size of the inte
is guided by the results of our two-generation studies in
previous subsection, i.e., we choose an interval which
small enough so that the large atmospheric angle is not
turbed too much.

Figure 6~Fig. 7! depicts the result of this stability stud
around PLMA ~PSMA!. In the figures, we plot the value
obtained for all the oscillation parameters:Dmatm

2 3tan2uatm

~top left!, Dmatm
2 3uUe3u2 ~top right!, and Dm(

2 3tan2u(

~bottom!. The thin boxes mark the regions allowed by t
current neutrino data~see the Appendix for more details!,
while the solid, dark dot indicates the results obtained
PLMA ~PSMA!. When perturbing about PLOW and PVAC
similar results are obtained~indeed, we have repeated th
procedure for a large number of points!.

The results contained in the figure are quite interesti
First, it should be noted that, as expected, the atmosph
parameters do not vary substantially. More specifically, 5
~54%! of the points scanned fall inside the ‘‘atmosphe
box,’’ 1023 eV2,Dmatm

2 ,1022 eV2, 1/3,tan2uatm,3 in
the case of PLMA~PSMA!. On the other hand, some of th
solar parameters anduUe3u2 vary drastically. For example
while perturbing around PLMA~PSMA!, tan2u( varies by 7
~9! orders of magnitude, and similar results apply touUe3u2.
Moreover,Dm(

2 , while somewhat stable around PLMA~it
varies by 2 orders of magnitude!, spans 5 orders of magn
tude around PSMA.

Does this observed numerical instability indicate a fin
tuning among different parameters? After all, what we wo
like to learn from these ‘‘stability studies’’ is whether, i
order to guarantee that the solar parameters anduUe3u2 are
inside a certain range, the distances between some le
fields have to be chosen very carefully, and whether sli
modifications severely spoil the result. In order to verify th

FIG. 5. General three family configuration in one extra dime
sion. There are five independent distances, which are chosen
l 1 ,l 2 ,l 3 ,x,y. Note that in order to span the entire location spa
four out of the five parameters should take positive and nega
values, while the sign of the fifth one remains fixed.
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this is the case, we look at PLMA and PSMA in more deta
The PLMA-like configurations~see Fig. 4! lead to the fol-
lowing neutrino Dirac mass matrix:

mn5S a 0 a8

0 b 0

0 b8 c
D , ~3.34!

wherea,a8,b,b8,c are related, respectively, to the distanc
u l e2neu, u l e2ntu, u l m2nmu, u l t2nmu, u l t2ntu. Equation
~3.34! leads to

-
be
,
e

FIG. 6. Values ofDmatm
2 3tan2uatm ~top left!, Dmatm

2 3uUe3u2

~top right!, andDm(
2 3tan2u( ~bottom! which are obtained when

perturbing around PLMA~see text for details!. The results obtained
at PLMA are indicated by a solid, dark dot.

FIG. 7. Same as Fig. 6, when perturbing around PSMA.
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NEUTRINO MASSES AND LEPTON FLAVOR VIOLATION . . . PHYSICAL REVIEW D64 073005
mnmn
†5S a21a82 0 a8c

0 b2 bb8

a8c bb8 b821c2
D . ~3.35!

From the discussion in the previous subsection, we kn
that large mixing in the atmospheric sector is obtained
b.b8.c ~case B!. It is also easy to see that, in order
obtain Dm(

2 ,Dmatm
2 , a,a8,c,b,b8. In light of this, we

multiply Eq. ~3.35! by a u rotation about the ‘‘e-axis’’ such
that sinu[b8/Ab21b82 and obtain

S 1 0 0

0 cosu sinu

0 2sinu cosu
D S a21a82 0 a8c

0 b2 bb8

a8c bb8 b821c2
D

3S 1 0 0

0 cosu 2sinu

0 sinu cosu
D

.S a21a82 a8c sinu a8c cosu

a8csinu b21b821c2sin2u c2sinu cosu

a8c cosu c2sinu cosu c2cos2u
D .

~3.36!

If b2,b82@c2,a8c, it is easy to see thatu.uatm ~corrections
to this lead to a nonzeroUe3, for example!, as expected
Furthermore, the two other eigenstates are ‘‘light’’~as long as
a,a8,c are ‘‘small’’! and the solar angle is easily calculab

cos 2u(.
c2cos2u2~a21a82!

A~a21a822c2cos2u!214a82c2cos2u
.

~3.37!

In order to obtain, for example, large mixing in the so
sector, it is necessary to satisfya21a82.c2cos2u.c2/2. This
is what happens at PLMA:a5a85e20.538.02

and c

5e20.537.92
, such thata/c.0.45. Therefore, a large sola

angle is a consequence of finely tuning the distancesu l e
2ne,tu andu l t2ntu. It should be noted that the results of th
scan involve further complications, such asc;b8, which
leads to large values ofDm(

2 and significant corrections to
the atmospheric angle.

The PSMA-like configurations~see Fig. 4! lead to the
following neutrino Dirac mass matrix:

mn5S e 0 0

0 b b8

a b9 b-
D , ~3.38!

where e,a,b,b8,b9,b- are related, respectively, to the di
tancesu l e2neu, u l t2neu, u l m2nmu, u l m2ntu, u l t2nmu, u l t
2ntu. From Fig. 4, it is easy to see thate!a!b,b8,b9,b-.
Equation~3.38! leads to
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mnmn
†.S e2 0 ae

0 b21b82 bb91b8b-

ae bb91b8b- b921b-21a2
D .

~3.39!

As before, the atmospheric angle and mass difference re
from diagonalizing them2t sector. As we did in the PLMA
case above, we can ‘‘undo’’ the atmospheric rotation a
obtain

Uumnmn
†Uu

†5S e2 ae sinu ae cosu

ae sinu m2
21a2sin2u a2sinu cosu

ae cosu a2sinu cosu m1
21a2cos2u

D ,

~3.40!

where m1
2 ,m2

2 are the lightest and heaviest eigenstates
tained after diagonalizing them2t sector. They are given by

m1,2
2 5

b21b821b921b-2

2

6
1

2
A~b21b822b922b-2!214~bb91b8b-!2.

~3.41!

Large mixing in the atmospheric sector requiresb;b8;b9
;b- ~see case A in the previous subsection!, and, in the case
of hierarchical neutrinos~the case of interest here!, Dmatm

2

;m2
2.m1

2 . In this case, it is trivial to compute the sola
angle and mass squared difference, keeping in mind thaa2

@e2 and that cos2uatm.1/2:

Dm(
2 .a2/21m1

2 , ~3.42!

tanu(.sinu(.
ae/A2

a2/21m1
2

. ~3.43!

Exactly at PSMA,m1
250, andDm(

2 and tan2u( are gov-
erned bya and e. As long as this is the case (m1

2!a2),
varying l 1 ,l 3 and x ~which changes the distancesu l e2neu
and u l t2neu) only perturbs around PLMA. However, whe
m1

2 grows~this happens foryÞ0) the situation changes dra
matically, andDm(

2 grows, while tan2u( decreases sharply
This explains the ‘‘cloud’’ of points in Fig. 7~bottom! at
1025 eV2&Dm(

2 &331023 eV2, 10210&tan2u(&1023. In
summary, the solar parameters depend very strongly ony, the
distance betweennm andnt . More so than the atmospheri
parameters. Note that a very similar behavior is obser
when perturbing around PLOW, where them-t fields also
fall into the configuration discussed in case A in the previo
subsection.

We conclude this subsection with a summary of the
sults and a word of caution. We have numerically scann
the one-dimensional parameter space of three neutrino
erations and encountered, out of many ‘‘good’’ candida
~which yield small neutrino masses!, only a handful of points
5-11
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which could potentially accommodate the neutrino data.
expected from our qualitative discussion at the beginning
this section, the great majority of the points (.99.9%) fails
to yield large enough mixing in the solar and/or atmosphe
sectors. The situation is particularly constrained afteruUe3u2

is required to be small. All the points identified had config
rations and fine-tuning characteristics similar to the ones
cussed in the previous subsection~see Fig. 3!, with different
choices for the position of the first generation fields.

We selected four examples consistent with the differ
solutions to the solar neutrino puzzle, and studied the sta
ity of these solutions in order to address how ‘‘special’’ t
distances between lepton fields have to be in order to ob
a particular result. We find that small modifications~of order
a few percent of the typical distance scale! seem to maintain
the large mixing in the atmospheric sector, in agreement w
the discussion in the previous subsection, while changing
solar parameters anduUe3u2 by many orders of magnitude
For two specific cases we identified the origin of this effe
Therefore, it seems that obtaining appropriate solar par
eters requires tuning more parameters~or the same param
eters more tightly! than what is already required in order
obtain large mixing in the atmospheric sector.

It should be emphasized that we have not attempte
detailed study of the three by three neutrino mass matri
order to study correlations between the various distances
decided to base our conclusions on a few ‘‘case studies.’’
d
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m
e
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r
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not clear to us whether such a study is practical and/or i
minating. Therefore, the conclusions we reached, altho
quite plausible and reasonable, should be read with so
caution.

IV. NEUTRINO MASSES WITHOUT RIGHT-HANDED
NEUTRINOS

As mentioned in Sec. II, the traditional see-saw mec
nism is not an option for generating very small neutri
masses in the case of models with a small quantum gra
scale. Nonetheless, one may still obtain smallMajorananeu-
trino masses in the ADD scenario. The idea, proposed
@18#, is to take advantage of the ‘‘infrared desert’’@19# to
obtain very small symmetry breaking effects. More expl
itly, the idea is to impose lepton number as a conser
global symmetry, which is broken at some far away bra
Lepton number violating effective operators would be gen
ated in our brane, suppressed bye2mr where m is some
typical mass scale andr is the distance between the bran
~we assume that the mediator of lepton number violation
massless; see@18,19# for details, and also@20# for a specific
scenario!.

For our purposes, it is enough to assume that the follo
ing Majorana neutrino mass matrix is generated after e
troweak symmetry breaking:
M n5mMajS aee aeme2(m2/2)(l e2 l m)2
aete

2(m2/2)(l e2 l t)2

aeme2(m2/2)(l e2 l m)2
amm amte

2(m2/2)(l m2 l t)2

aete
2(m2/2)(l e2 l t)2

amte
2(m2/2)(l m2 l t)2

att

D , ~4.1!
-
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wheremMaj is the overall Majorana mass scale,abg are the
higher dimensional order one couplings.11 The distancesu l i
2l ju are the same distances between the different left-han
lepton fields discussed in the previous sections.

The issue we would like to deal with in this section
whether phenomenologically acceptable Majorana mass
trices can be obtained, if one assumes that the absenc
flavor violating decays of the muon and the tau and the
erarchy of the charged lepton masses are explained by th
scenario.

In the absence of the flavor changing constraints, i
clear that solutions can be found: if one places all lep
doublets on top of one another, large mixing in the solar a
atmospheric sector arises quite naturally, and even a s
uUe3u2 and moderate hierarchy in the masses-squared ca

11We are assuming, according to the general philosophy of the
of the paper, that no flavor structure comes from the lepton num
violating sector. Such a structure~conserved flavor symmetries, fo
example! would manifest itself by imposing relations between t
abg .
ed

a-
of

i-
AS

s
n
d
all
be

obtained@13#.12 With the flavor changing constraints, how
ever, the situation is more involved, since the lepton doub
fields cannotsit on top of one another, as we argued in S
III. Note that if all distances wereu l a2 l bu;2m21 all off-
diagonal terms would be one order of magnitude sma
than the diagonal terms,13 and obtaining large mixing in the
atmospheric sector, for example, would require some fi
tuning among the diagonal elements, which we do not c
sider acceptable. Note that the situation deteriorates v
quickly as u l a2 l bu grows, due to the Gaussian dependen
of the off-diagonal coefficients. Therefore, the first issue
will address is how small can we makeu l a2 l bu without run-
ning into contradictions with flavor violating charged lepto
decays.

st
er

12Indeed, in this case large mixing would also come from t
charged lepton sector.

13According to the authors of@12#, gauge interactions may signifi
cantly alter this picture. For simplicity, however, we will ignor
these effects, which seem to be very dependent on the ferm
localizing mechanism.
5-12
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From the previous sections, we learn thatu l e2 l mu
*3m21, while u l t2 l e,mu*1m21. Note that the lower limits
cannot be simultaneously saturated due to the~much more
stringent! m→eg bounds and the requirement that t
charged lepton mass hierarchy is explained within the
scenario. For example, if we requireu l t2 l mu;1m21, in one
extra dimension,u l t2 l eu*7m21, while u l e2 l mu*8m21. In
two or more extra dimensions, it is possible to obtainu l t
2 l e,u;2.5m21 while keeping u l e2 l mu*3m21 ~in which
case,u l e2 l mu is very close to its lower bound!. It should be
kept in mind that this situation is very ‘‘special,’’ and th
branching ratios form→eeeandt→(e,m)g are very close
to the current experimental bounds@9#.

Therefore, the ‘‘best’’ possible scenario seems to be:
em-element is suppressed by at leaste20.5332

.0.01 with
respect to the diagonal elements, while one of the other
diagonal elements~we choose it to be themt-element! can
be suppressed by onlye20.5312

;0.6 with respect to the di-
agonal terms. The remaining off-diagonal element~we will
choose it to be theet-element! is suppressed by 0.05. At thi
point, one may ask whether it is possible to find, witho
carefully choosing the order oneabg coefficients, phenom-
enologically viable neutrino masses and mixing angles.

In order to answer this question, we perform the followi
‘‘search.’’ We parametrize the neutrino Majorana mass m
trix by

M n5mMajS aee 0 e

0 amm amt30.5

e amt30.5 att

D , ~4.2!

where we randomly choose values fora (ee),(mm),(tt),(mt) be-
tween 0.3 and 3.0,14 while randomly choosing values fore
between 0 and 0.1. Theem-entries have been set to zero f
simplicity. We have verified that the results we obtain are
changed in any significant way ifem-elements of order 0.01
are also included. Note that we still have one free parame
namelymMaj . The quantitymMaj•aee is directly constrained
by searches for neutrinoless double beta decay, which
rently requiresuM n

eeu&0.35 eV @9,21#. In our analysis, we
will circumvent the dependency onmMaj by computing the
ratio of the mass-squared differences

ratio[
Dm(

2

Dmatm
2

, ~4.3!

whereDm2’s and mixing matrix elements are defined as
Eqs. ~A1! ~see also the remarks which follow the equatio
for a comment on inverted hierarchies!.

Figure 8 ~top! depicts the results obtained for 104 ran-
domly selected points. Figure 8~top,left! depicts the ob-
tained values ofratio3tan2uatm, while Fig. 8 ~top,right!
depicts the obtained values ofuUe3u23tan2u( . As one could

14We are neglecting, for simplicity, possibly large phases ass
ated with the order one higher dimensional Yukawa couplings@4#.
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have expected, the atmospheric angle is generically la
@13,14# even though themt-element of Eq.~4.2! is typically
suppressed by a factor of two with respect to the diago
elements, andratio is indeed usually of order one. Furthe
more,uUe3u2 and tan2u( are usually small, even though larg
values of tan2u( can be obtained.15

More significant than the figures, perhaps, are the follo
ing numerics: 51% of the points yield 1/3,tan2uatm,3,
while 22% ~1.5%! of the points yieldratio,1021 (1022),
and 38% of the points yield 1025,tan(

2 ,1 ~note that the
values ofratio we obtain are not small enough to accomm
date the LOW of VAC solutions to the solar neutrino puzzl!.
Combining all constraints, 1.5% satisfy 1/3,tan2uatm,3,
1021,ratio,1023, 0.1,tan(

2 ,1, uUe3u2,0.1 ~LMA-like
solution! and 0.1% satisfy 1/3,tan2uatm,3, 1022,ratio
,1024, 1025,tan(

2 ,231023, uUe3u2,0.1 ~SMA-like so-
lution!.

What do these numbers imply? While most points do
yield phenomenologically acceptable parameters, there
slightly more than 1% chance for obtaining the LMA sol

i-

15Note that there are some points for whichuUe3u2.1. These are
expected, and correspond to cases whenaee is larger than the other
coefficients. In this case, the largest eigenvalue is proportiona
aee and has a very large electron-type component. All these po
are incompatible with the current neutrino data, of course.

FIG. 8. Neutrino mixing parameters obtained for 104 randomly
generated Majorana mass matrices, imposing constraints from
absence of flavor violating charged lepton decays~see text! dis-
played in the following manner: ratio[Dm(

2 /Dmatm
2 3tan2uatm

~left! and uUe3u23tan2u( ~right!. In the top figures, the branchin
ratios for flavor changing lepton decays are close to the cur
experimental bounds@9#, while the bottom figures explore the be
havior of the oscillation parameters as the prediction for the bran
ing ratios for flavor changing charged lepton decays decreases~see
text for details!.
5-13
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tion with completely random order one Yukawa coupling
We do not consider this too ‘‘unlikely,’’ but leave definitiv
conclusions to the reader. One concrete statement, how
is that obtaining the SMA solution under these conditions
certainly less likely~15 times!. The reason for this is that th
SMA solution requires a larger hierarchy for the ma
squared differences, which is very hard to obtain with or
one random Yukawa couplings.

What happens as the separation between left-handed
ton fields increases? Figure 8~bottom, left! depicts the ob-
tained values ofratio3tan2uatm if the same procedure i
repeated, except that the suppression factor for
mt-element is increased by a factor of 10~from 0.5 to 0.05!.
The results are rather striking. Unlike the previous case,
picted in Fig. 8~top, left!, large atmospheric mixing become
more ‘‘rare’’ ~11% of the points yield 1/3,tan2uatm,3), es-
pecially whenratio is required to be small@0.04% percent
~none! of the cases satisfy 1/3,tan2uatm,3 and ratio
,0.1 ~0.01!!#. Therefore, in light of the observed hierarch
of neutrino mass-squared differences, large mixing in the
mospheric sector becomes exceedingly unlikely as the s
ration betweenl m and l t increases.

On the other hand, Fig. 8~bottom, right! depicts the ob-
tained values ofuUe3u23tan2u( when the original procedure
is again performed, but restraininge,0.01. When compared
to Fig. 8~top, right!, it is easy to see that large mixing in th
solar sector happens for a smaller fraction of all random
generated matrices. The number of potentially good ca
dates is still reasonable: 28% of all matrices yield 1025

,tan(
2 ,1. Here, however, the probability of obtainin

LMA-like solutions @see discussion related to Fig. 8~top!#
decreases~0.3% compared to 1.5%!, while the number of
SMA-like solutions remains the same. Of course, this beh
ior is expected, and the situation deteriorates very rapidly
the upper bound one decreases.

In summary, if neutrinos have a naturally small Majora
mass matrix, the AS solution to flavor changing charged l
ton decays and the hierarchy of charged lepton masses
rally predicts that the neutrino masses are not strongly h
archical and that mixing angles are rather small. In orde
obtain large enough atmospheric mixing angles, we w
forced to live very close to the current experimental boun
imposed by the searches for charged lepton flavor violat
We dare not make any precise predictions given the qua
tive nature of our estimates, but if flavor violatingm and
~especially! t decays are not observed by the next genera
of experiments@22#, the scenario discussed in this secti
will be severely constrained, if not entirely ruled out.

This is to be contrasted to the study in the previous s
tion, where neutrino mixing angles were also generically p
dicted to be small, while the masses were hierarchical
order to obtain large mixing angles, we were forced to i
pose specific positions for the different leptonic fields. A
solutions we found were either immediately ruled out
searches for lepton flavor violating processes, or predic
that their branching ratios were severely suppressed, ou
reach of any foreseeable experiment. The price paid for th
solutions was having to finely tunea priori unrelated dis-
tances to more than 1 part in 102.
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V. SUMMARY AND CONCLUSIONS

We have analyzed the issue of charged lepton flavor v
lation and neutrino masses in the fat-brane paradigm p
posed by Arkani-Hamed and Schmaltz. The AS scenario
particularly suited for explaining the absence of lepton flav
violating muon and tau decays, and can also naturally
plain why neutrinos are more than ten orders of magnitu
lighter than the top quark, if right-handed neutrinos are
troduced in the brane, as opposed to scenarios with b
neutrinos.

We found that, indeed, the branching ratios for flavor v
lating muon and tau decays can be very easily suppresse
levels below the current experimental bounds, and that v
small neutrino masses can be obtained for separations o
der 10m21. The AS scenario, however, seems to have
harder time accounting for the large neutrino mixing whi
has been observed in the atmospheric neutrino data. This
peculiar feature of the AS scenario for fermion masses
naturally accommodates large mass hierarchies and s
mixing angles, while it seems to require additional ‘‘stru
ture’’ ~e.g., different pairs of fields have to be separated
very similar distances! in order to explain large mixing
angles.

We studied the case of two lepton families in detail. T
situation seems ‘‘finely tuned’’ when the the bounds impos
by charged lepton flavor violation are also taken into a
count. We showed that the charged lepton mass matri
constrained to be quasi-diagonal, and that, in order to ob
large atmospheric mixing and the appropriateDm2, distances
which area priori unrelated are required to agree with o
another better than one part in 100. We proceeded to ana
the case of three lepton flavors, and while we found that
the different solutions to the solar neutrino puzzle can
accommodated while keeping the absolute value of theUe3
element of the leptonic mixing matrix small, we argued th
the amount of fine-tuning required to simultaneously sati
all neutrino data is ‘‘larger’’ than in the two-family case.

We then proceeded to discuss the effect of explaining
absence of flavor changing tau and muon decays and cha
lepton masses in the AS scenario on theories where s
Majorana neutrino masses are generated by breaking le
number in a far away brane. In this case, in order to obt
large mixing in the atmospheric sector, we were forced
‘‘approximate’’ different lepton doublet fields to the poin
that the current experimental upper bounds on the branc
ratios of some rare tau and muon decays were almost s
rated. Therefore, we expect these rare decays to be obse
in the next round of experiments, if such a scenario w
indeed realized in nature. Furthermore, very hierarch
neutrino mass-squared differences were not attainable, m
ing that the solar neutrino puzzle would have to be solv
either by the SMA or the LMA solutions.

In conclusion, we would like to emphasize that, in spite
the fine-tuning problems we highlighted in Sec. III, the A
scenario should be regarded as a novel mechanism for
derstanding small mixing angles, which does not necessa
require the existence of fat branes or even large extra dim
sions. Similar results are obtained in models with many d
5-14
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NEUTRINO MASSES AND LEPTON FLAVOR VIOLATION . . . PHYSICAL REVIEW D64 073005
ferent ‘‘thin’’ branes which are separated in the extra dime
sions. Furthermore, if the extra dimensions are not large~and
the hierarchy problem is solved by some other means!, our
results for neutrino masses and mixing angles would
apply, except for the flavor changing constraints fro
charged lepton decays, which would be absent. Finally,
fine-tuning which we pointed out could~and should, in our
opinion! be interpreted as a challenge to be faced by ca
dates for the localizing mechanism and/or the structure of
compact dimensions.
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APPENDIX: NUMERICAL SCAN OF THE 3 GENERATION
PARAMETER SPACE

In this appendix, we describe a numerical scan over
three generation, one extra dimension location space of
lepton doublets and right-handed neutrino singlets. In
case, specifying five distances suffices to determine the r
tive distance between the six different fermion fields. The
distances are pictorially defined in Fig. 5, and are:l 1 , l 2 , l 3,
the distances betweenl a andna , a5e,m,t; x, the distance
betweennt andne ; y, the distance betweennt andnm . Note
that the sign of four out of the five distances is also me
ingful ~for example, wheny,0, nm is ‘‘to the right’’ of nt).

In the scan, we variedl 1 ( l 2) from 220m21 to 20m21

(220.1m21 to 20.1m21) in steps of 0.2,x and y from
220m21 to 20m21 in steps of 0.4, andl 3 from 0.1m21 to
20.1m21 in steps of 0.2. Out of all the points, we only co
sider these which yield neutrino mass matrices such
(mnmn

†) i j ,10 eV2 for all i , j 5e,m,t. This is done in order
to guarantee that all neutrino masses squared are roughly
than 10 eV2. One consequence of this constraint is that
all l i , u l i u*7.0, while certain bands forx andy are excluded.

Of the remaining matrices, we identify the ones who
eigenvalues and eigenvectors fall in the following window

uUe3u2,0.1,

1/3,~ uUm3u/uUt3u!2[tan2uatm,3,

1025,~ uUe2u/uUe1u!2[tan2u(,10,

1023 eV2,~m3
22m2

2![Dmatm
2 ,1022 eV2,

10210 eV2,~m2
22m1

2![Dm(
2 ,1024 eV2,

~A1!

where we define the neutrino mixing matrix asn i5Ua ina ,
wherena , a5e,m,t are weak eigenstates andn i , i 51,2,3
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are mass eigenstates, with massesmi . The eigenstates ar
organized in ascending order of mass-squared. Whenm3

2

2m2
2.m2

22m1
2 ~normal hierarchy!, the window defined

above contains the region of the parameter space which
isfies all of the experimental constraints@6#. If m3

22m2
2

,m2
22m1

2 ~inverted hierarchy! the same window can be
used after relabeling the mass eigenstates 1→3→2→1, and
defining (m2

22m3
2)[Dmatm

2 . It should be noted that during
the numerical scan we did not find any matrix which yiel
an inverted mass hierarchy and is consistent with the c
straints imposed above.

The results of the scan are best described in words. Ou
roughly 23109 initially selected matrices, only 440 fal
within the window defined above. The events are rejecte
the following rate: 99% fail the mass constraints. From t
surviving points, 96% fail to satisfy the tan2u( constraint.
From the remaining points, 97% fail the tan2uatm constraint,
while 98% of the remainder fall out of theuUe3u2 bound.
Note that only one out of roughly 5 million events surviv
all the constraints we define above.

Many comments are in order. First, it should be read
noted that the two ‘‘angle constraints’’ combine to remo
99.9% of the candidate matrices, ten times more than
‘‘mass constraints.’’ Second, it should be pointed out that
mass constraints and the angle constraints ‘‘commute,’’ in
sense that, independent of the order in which they are
plied, the percentage of the points which is removed is
same. This implies that there is no correlation between
values of the masses and the values of the mixing ang
The same is not true for the tan2u( and tan2uatm constraints.
Third, the uUe3u2 constraint is highly correlated with th
angle constraints. If applied first, theuUe3u2 constraint only
cuts a small fraction of all the matrices, while if applied la
it removes a very significant fraction of the events whi
pass the angle constraints. Therefore, events which ha
small uUe3u generically have very small mixing in the sola
and/or the atmospheric sector. This can be understood f
the qualitative discussion included in the beginning of S
III: the AS scenario prefers small mixing angles, and a g
neric set of points will yield a mixing matrix which has onl
‘‘0s’’ and ‘‘1s’’ ~one 1 for each column and row!. Therefore,
if we imposeuUe3u2 small, the generic matrices which ar
left have some otherUa3 and Uei which is close to one,
which necessarily means that tan2u(,atm are either very large
or very small.

The selected points yield a varied spectrum of so
angles and masses-squared, and no value ofDm(

2 and
tan2u( is strongly preferred. All points, without exception
choose the second and third generation fields to fall i
either the configuration depicted in Fig. 3~a! or Fig. 3~b!
~note that the configurations wherenm andnt are exchanged
are, of course, also present in equal numbers!, while l 1 and
n1 are placed in various locations. Furthermore, the choi
for l andd in the case of the configuration Fig. 3~a!, andl 21
and l 22 in the case of configuration Fig. 3~b! are exactly the
ones obtained in the last line of Tables I and II, respective
This implies, as one would naively expect, that in order
5-15
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obtain large mixing in the ‘‘atmospheric sector’’ the sam
tuning of parameters as the ones discussed in Sec. III
required.

Figure 9~left! is a scatter plot of the values ofl 2 andl 1 of
the points which pass all of the constraints mentioned abo
The light points are the ones which also pass the constra
that two lepton doublets are not too close to one ano
~flavor changing constraints!: u l t2 l e,mu*1m21 and u l m2 l eu
*3m21 ~see Fig. 1!. This constraint is sufficient for satisfy
ing all flavor changing constraints described in Sec. II a
also guarantee that the mixing in the charged lepton sect
negligible. 218 out of the 440 points satisfy this extra
quirement.

Figure 9~right! is a histogram of the largest distance b
tween two lepton fields, and can be interpreted as a lo
bound on the brane ‘‘thickness.’’ The solid painted histogr
is for points which satisfy the flavor changing constrain
Note that only ‘‘very thick’’ branes are obtained, especia
for matrices which do not have twols on top of each other
This could be the subject of serious concern, since bra
should not be too ‘‘fat’’ if one wants to solve the gaug
hierarchy problem and still have the gauge bosons propa
freely in the entire fat-brane~see@3# for details!. We prefer,
instead, to view this as an indication that one extra dim
sion seems to be problematic, and that if one consid
branes which are fat in more dimensions similar configu
tions can be obtained for much ‘‘thinner’’ branes. This
very easy to see. All one has to do is rotate a numbe

FIG. 9. Scatter plot ofl 23 l 1 of all the 440 points which satisfy
all constraints imposed by the neutrino data~left, see text!. The light
points also satisfy the ‘‘flavor changing constraints,’’u l t2 l e,mu
.1m21 and u l m2 l eu.3m21. Histogram of the brane thickness fo
the same 440 points~right!. The painted histogram corresponds
events which satisfy the flavor changing constraints.
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lepton fields, keeping the ‘‘smaller’’ distances fixed, whi
making sure that the ‘‘larger’’ distances remain large. B
cause of the Gaussians dependency of the Yukawa coup
on the distances, these configurations will be, in pract
indistinguishable from the one-dimensional ones we disc
here.

One may worry whether configurations Fig. 3~c! and Fig.
3~d! can yield proper solar parameters, since these confi
rations never show up in our general scan. In order to ch
this, we numerically searched for solutions by starting fro
configurations Fig. 3~c! and Fig. 3~d!, choosing distances
such that the atmospheric neutrino puzzled is solved
varying the parametersl 1 andx ~see Fig. 5!. Indeed, we are
able to find a large number of solutions as long asl m is not
on top ofl t , but extremely close. This is easy to understa
whenl m is exactly on top ofl t , the neutrino mass matrix ha
a zero eigenvalue, whose eigenvector is very close
1/A2(unm&2unt&). This implies that theune& state is con-
tained in the two heaviest mass eigenstates, which mak
very hard to solve the solar neutrino puzzle. The only alt
native is to choose the other distances such that an inve
mass hierarchy is obtained, but such a situation is extrem
finely-tuned.16 It should be noted that all solutions foun
starting from the configurations 3~c! and 3~d! are ruled out
by flavor changing constraints. Indeed, as was pointed ou
Sec. III A, the configuration Fig. 3~d! is already ruled out in
the case of two generations, while satisfactory solutions w
the configuration Fig. 3~c! are extremely finely tuned.

Another worry is whether much thinner branes cannot
obtained. One possibility, for example, is to have all righ
handed neutrinos very close to each other. Since we are
straining ourselves to only one dimension, these configu
tions are very hard to obtain, and the flavor chang
constraints make them even harder to find. Nonetheless
have been able to find~numerically! examples which fit this
description and do not yield too large charged lepton mix
or flavor changing effects.

16One may wonder whether an SMA-like solution to the so
neutrino puzzle cannot be obtained by varying the parame
slightly. This is not the case sincene is going to be predominately
heavyand even though sin22u(!1 this point belongs to the ‘‘dark
side’’ @23# of the parameter space, tan2u(@1.
ev.
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y J.
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Pérez-Lorenzana, Nucl. Phys.B593, 451 ~2001!; B576, 466
~2000!; N. Cosmeet al., Phys. Rev. D63, 113018~2001!; G.C.
McLaughlin and J.N. Ng,ibid. 63, 053002~2001!; R. Barbieri,
P. Creminelli, and A. Strumia, Nucl. Phys.B585, 28 ~2000!; A.
Das and O.C.W. Kong, Phys. Lett. B470, 149 ~1999!; K.
Yoshioka, Mod. Phys. Lett. A15, 29 ~2000!; G. Dvali and
A.Yu. Smirnov, Nucl. Phys.B563, 63 ~1999!; A.E. Faraggi and
M. Pospelov Phys. Lett. B458, 237 ~1999!.
07300
s
,

,

D

@12# S. Nussinov and R. Shrock, hep-ph/0101340.
@13# L. Hall, H. Murayama, and N. Weiner, Phys. Rev. Lett.84,

2572 ~2000!; N. Haba and H. Murayama, Phys. Rev. D63,
053010~2001!.

@14# A. de Gouveˆa and J.W.F. Valle, Phys. Lett. B501, 115 ~2001!.
@15# Talk by H. Sobel for the Super-Kamiokande Collaboratio

Proceedings of the XIX International Conference on Neutr
Physics and Astrophyics, Sudbury, Canada 2000~see @6#!
@Nucl. Phys. B~Proc. Suppl.! 91, 127 ~2001!#.

@16# CHOOZ Collaboration, M. Apollonioet al., Phys. Lett. B466,
415 ~1999!; Palo Verde Collaboration, F. Boehmet al., Nucl.
Phys. B~Proc. Suppl.! 77, 166 ~1999!.

@17# LSND Collaboration, C. Athanassopouloset al., Phys. Rev.
Lett. 75, 2650~1995!; 77, 3082~1996!; 81, 1774~1998!; talk
by W.C. Louis for the LSND Collaboration, Proceedings of t
XIX International Conference on Neutrino Physics and Ast
physics, Sudbury, Canada 2000~see@6#! @Nucl. Phys. B~Proc.
Suppl.! 91, 198 ~2001!#.

@18# First reference in@10#.
@19# N. Arkani-Hamed and S. Dimopoulos, hep-ph/9811353.
@20# E. Ma, M. Raidal, and U. Sarkar, Phys. Rev. Lett.85, 3769

~2000!.
@21# H.V. Klapdor-Kleingrothauset al., in Proceedings of the Third

Internationl Conference on Dark Matter in Astro and Partic
Physics, DARK2000, Heidelberg, Germany, 2000, edited b
H.V. Klapdor-Kleingrothaus ~Springer, Heidelberg, 2001!,
hep-ph/0103082.

@22# L. Barkov et al., ‘‘Search for m1→e1g down to 10214

branching ratio,’’ available at http://www.icepp.s.u-tokyo.ac.
meg; L. Serin and R. Stroynowski, ‘‘Study of lepton numb
violating decay t→mg in ATLAS,’’ ATL-PHYS-97-114
~1997!.

@23# A. de Gouveˆa, A. Friedland, and H. Murayama, J. High Energ
Phys.03, 009 ~2001!; Phys. Lett. B490, 125 ~2000!. See also
the three neutrino analyses of the solar neutrino puzzle in@6#.
5-17


